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1. Introduction 



Since the discovery of the pure spinor formahsm |^] a new method to efficiently com- 
pute supersymmetric scattering amplitudes is available. Although its simplifying features 
manifest themselves more vividly in explicit one- and two-loop computations ||,^,^J|,|[ and 
provide hopel for higher- loop extensions [^|ll|,|T^, tree-level amplitudes [|13[ also benefit 



from the streamlined nature of the formalismll. In particular, having results written in 
terms of pure spinor superspace expressions [1T5|,|^ sheds new light into finding supersym- 
metric completions fl^ . 



This paper simplifies the long (bosonic) RNS five-point computations of |T3,|T8[ while 
naturally extending them to the full supersymmetric multiplet using the pure spinor su- 
perspace. In doing that we uncover the superstring origin of the Bern-Carrasco- Johansson 
(BCJ) kinematic identities of [1^, proving that some of them come from an OPE identity 



and that they are supersymmetric. And in view of the string theory proof for the four- 
point BCJ identity we will demonstrate that the remaining BCJ relations follow from the 
different integration regions of the open string world-sheet. These integrations over the 



various domain of integrations are related to the monodromy identities [p0|j2l[] between the 



string theory amplitudes which have been used in |2^] to prove that the number of partial 



amplitudes is (A^ — 3)!, and is ultimately related to the BCJ identities of [1T9[| . 

In the following, the open string massless five-point amplitude at tree-level will be 
shown to be A = Enon-cyciic ^^(-^"'^ • • -A^'O^l^i. • • -.^5), with 

A(l,2,3,4,5) = ^1 ^2 bs 64 ^5-|-L243i -f^3(^a ) 

Q!l2Q!45 0^23^51 ^12^34 a23«45 a34a51 

(1.1) 

where 

Si=T - {2a')'^Ks{as4^a45 + a23«i2), S2 = T - {2a')'^Ks{ai2a23 + a5i(a45 + "23)) 

S3 = 7'-(2a')^K3(a34a45 + ai2(a5i + a34)), <S'4 = T- (2a')^ii:3(ai2a23 + «45(a5i + "23)) 

S5 = T - {2a')'^K3{ai2a5i + a23a34), 

and T = 1 + 0{k^) + . . . and = C(2) + 0{k'^) + . . . have well-known expansions in 
terms of aij = (/c* • /c-') [0. In the field theory limit we set a' —>■ and therefore 5*^ 1. 



^ Useful knowledge can be obtained even without fully explicit higher- loop computations • 
^ For a review of scattering amplitudes in the pure spinor formalism, see [14|. 
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The kinematic factors Lij^i are given by simple pure spinor super space expressions which 
satisfy the supersymmetric BCJ relations, 

-^2331 = -^3121 — -^21317 -^2334 = -^3424 " -^2434- (1-2) 

The paper is organized as follows. In section 2 we compute the five-point amplitude at 
tree-level and express it in terms of simple pure spinor superspace expressions. In section 
3 we prove an OPE identity from which the supersymmetric generalizations for some of 
the BCJ relations can be obtained. Furthermore, using the analogy with the four-point 
amplitude derivation of the BCJ identity we show how to obtain the remaining ones. 
The pure spinor superspace computations are presented in Appendix A, together with the 
explicit proof of (|1.2|) directly in superspace. Of particular importance is the simplified 
expression for the OPE of two integrated vertices presented in (A. 2). The Appendix B is 
devoted to writing down an ansatz for a simplified expression of Ap'4{9), whose bosonic 
component expansion agrees with the expression obtained in section 2. The Appendix 
C is a formal rewriting of the ten-dimensional results using the four-dimensional spinor 
helicity formalism, and we show agreement with the expressions of Finally, 
in Appendix D we derive the relations obeyed by the integrals Kj which were used in 
section 2. 



2. The five point amplitude in pure spinor superspace 

Following the tree-level prescription of the open superstring 5-point amplitude is 

A,= Yl tr(A"M...A"«5)A(zi,...,^5) 

non— cyclic 

where the partial amplitude ^5(1, 2, 3, 4, 5) is given by 

^5(1,2,3, 4,5) = ((AA1)(zi)(AA4)(z4)(AA5)(^5) J dz2U\z2) j dzsU^izs)). (2.1) 

The SL{2, R) symmetry of the disc requires the fixing of three positions, chosen as 
{zi, Z4, z^) = (0, 1, 00). Therefore the integrals are over the region < Z2 < zs < 1. 

Using the OPEs of the pure spinor formalism to integrate out the conformal weight-one 
variables, ( pTll) assumes the following form 



A5 = dz2dz3 Y\ 



1 2a.' ki -kj 



-^2131 _|_ -^2134 -^2434 -^2431 _^ -^2331 -^2334 _^ -^2314 



lZ2lZ'ii Z2lZ2,A 2^24^34 ^24^31 223^:31 ^23^34 ^3 

(2.2) 
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where the kinematic factors Lijki are given by the foUowing pure spinor superspace ex- 
pressions (from now on we set 2a' = 1), 

^2134 = {[AliX^^W) + iXA')ik' . A')] [At^iXrW) + {XA')ik' ■ A')]{XA')) 

+ {{k^ ■ e){A''W^){XA^){XA^){XA^)) + {{e ■ k^){A^W^){XA^){XA^){XA^)) 
i^2i3i = +( [AliX-f^W^) + {XA'){k' ■ A^)] {XA^){XA'){ik' + k^) ■ A^)) 
+{[Al^iXj'^W^){k^ ■ A^) - A^'^{X-f''W^)J'^^- iXj'^W^){W^j'^W^)]{XA^){^^^ 
+{[{k^ ■ k^){A^W^){XA^) - {k" ■ k'){A^W'^){XA^)\{XA'^){XA'')) 
+{[{k^ ■ e){A^W'^){XA'^) + ■ e){A^W'^){XA'^)\{XA''){XA'')) 

i^233i = {[Al{X^-'W'){e . A') + \{XYl'^''W')Alrl^] {XA'){XA')) 

+ {[{XA^){k^ ■ A^){e ■ A^) + ^A;^(AAi)(M^VW^')] {XA''){XA:')) 

■ k^){A^W^){XA^) + {k^ ■ e){A^W^){XA^)\ {XA^){XA^)) -(2^3) (2.3) 

while the other Lijki are obtained by exchanging labels appropriately. All the terms 
containing factors of (/c* ■ k^)[A'^W^) are "total derivative" terms and will be shown to 
cancel in the final result. Furthermore, the double pole in the OPE of U"^ {z2)U'^ {z^) gives 
rise to the following expression for L2314 

i^23i4 = (a23 + l)([(^'Vf^') + (A'W^')-(A'-^')](AAi)(AA4)(AA^)) = (a23 + l)^23. (2.4) 



As will become clear later, the factor of (1 + 023) appearing in (|2.4|) is essential to obtain a 
simple answer for the amplitude. That this is possible can be traced back to the fact that 
the pure spinor Lorentz currents have level —3 (see the computations of Appendix A). 



With the notation of [|T^ for the integrals appearing^ in (|2.2| ) , the amplitude can be written 



as ^5 = L2l3l-ftri - L2l34i^2 - -^2434-f^l + -^2431-^3 " -^2331-^5 - -^2334-^^4 + -^2314-^^6, 

A^ = L2431-^3 — -^2134-^^2 + -^2131-f^4 — -^3424-^4 + -^2434-^^5 — -^3121-^^5 + -^2314-^6, (2.5) 



where we used Ki = — K^, K[ = K'^ — K'^ fT^ and 



^2331 — -1^3121 — -t^2131i -t^2334 — -t^3424 — ^^2434, 



(2.6) 



The RNS computations of [ |17| |18| | required the evaluation of more complicated integrals with 
cubic terms in the denominators. 



where (^]^) will be proved as an OPE identity in the next section. Plugging in the ex- 
pressions for Kj in terms of T and derived in the Appendix D, the amplitude ( |2.5| ) 
becomes 

^5(1, 2, 3, 4, 5) = T Aym(^) + Ap^ie), (2.7) 
where Aym{0) and Api{6) are superfields, 

A fr.^ -^2131 -^3424 -^2334 -^2331 -^2134 -^23 / Q^24 , «13 -.A /r, o^ 

Aym\P) = \ J- l^-oj 

ai2a45 a34a5i a23a5i a23«45 ai2a34 "23 yasi «45 / 

Ap'4(6') = L2431 — i^2331 ^ -^2334 ^ -^2134 H (^13024 — CH2CK34 " Ct23CK34 — CH2CI23) 

"23 

/ai2 ^51 \ /a34 "45 \ , r / "^45 , "51 
+-^^2331 1 + -t^2334 1 + -^^2134 I r 



"45 "23/ V«51 «23/ Vai2 "34 

/ai2 a23\ r ^"34 , ^23^ , ^ /«12"l3 , a34a24 A r>x 

+-t^3424 1 — -t^2131 1 + -^23 1 • l^-yj 

V"34 051/ \ai2 a45/ V "45 "51 / 



From (|2.8| ) and ( |2.9| ) all the other partial amplitudes can be obtained by permutation. 



Therefore (|2.7| ) is the supersymmetric generalization of equation (4.13) of [0. In the field 
theory limit the amplitude ( p77| ) reduces to Aym(6')- 

Using the superspace expressions (^]^) and ( p^) one sees that all terms containing 
factors of (/c* ■ y){A'^W'') cancel out in ( p.8| ) and ( p.9| ). For example, the terms in ( |2^ ) 
containing (A'^VF^) are given by 

f — (a23 + a24 + «34) - ^34) {{A'W^){XA'){XA^){XA')) = (2.10) 

because a23 + CI24 + «34 = «5i- In fact they come from total derivative terms, as can be 
seen in the explicit computations of Appendix A. 

The expressions ( p.8|) and (|2.9|) can be further simplified by absorbing the "contact 



terms" containing L23 conveniently, taking the relations (2^) as a guide. Using the iden- 
tities L3224 = —-^2334 and L3221 = —-^2331, which follow trivially from the antisymmetry 
of the simple pole of U'^ {z2)U^ (zs) under 2^3, one can can rewrite Aym(1, 2, 3, 4, 5) and 
Aym(1,3,2,4,5) as 

A /I o o /I crN -^2131 -^3424 -^2334 -^2331 -^2134 /nii\ 
^YmU, ^, 3, 4, t)J = l^-J-J-j 

ai2a45 a34a5i a23a5i a23a45 ai2a34 
Aym(1,3,2,4,5) = - + + - (2.12) 

ai3«45 Q;24Q!51 a23«51 023045 013024 
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where we used 024 = asi — 0^23 — CI34 and ais = 045 — 0^23 — 0^12 and the redefined L^j^i 
are given by 



-^2131 — -^2131 + Cll2-^23 ~ CK45-^235 -^3424 — -^3424 " «34-^235 -^2134 — -^2134 — OI^aL 



23 



^2334 



-^2334 — Oi34^L23, -^2331 — -^2331 — «12-^23 + a45-^23- 



The identities ( p.6|) continue to hold with these redefinitions, that is 



(2.13) 



-^2331 — -^3121 — -^2131, -^2334 — -^3424 — -^2434- 



(2.14) 



The use of ( |2.13|) also removes the contact terms appearing in ( |2.9| ), simplifying it. In fact, 
using ( |2.13| ) the supersymmetric string theory partial amplitude (|2.1|) becomes. 



A(l,2,3,4,5) 



^2134 



ai2a34 



(T - Ks{a34a45 + ai2(a5i + 034))) 



_l__t^2i3]_ _ Ksias^a^^ + a23«i2)) - "^^"^^"^ (T - -ftr3(ai2Q!5i + a23a34)) + -^2431 Ks 



Q;12Q!45 



a34a5i 



^'^^^^ [T - K'i{ai20C2^ + a45("5i + "23))) - "^^^^"^ {T - i^3("i2a23 + a5i("45 + "23)) 
a23a45 a23a5i 

The component expansions of ( |2.9|) and (^]^) can be computed! using the methods of 
2^,p|,p9[| . When all external states are bosonic the RNS results of |jl^,0 are recovered. 



Aym{0) 



1 



NS 



2880 



1 



NS 



2880 



-A 



RNS 
p4 . 



(2.15) 



The higher a' expansion in ( p.7|) is determined solely by the expansions of T and Ks, and 
all the (supersymmetric) information about the external states is encoded in the superfield 



expressions Aym(^) and Af4,(6), in accord with the observations of |3C]. This is in fact a 
generic feature of the amplitudes computed in the pure spinor formalism. The kinematic 
factors of bosonic and fermionic states are always multiplied by the same "form factors" , 
which come from the integrals over the world-sheet. 



This task can be implemented in a computer program [|2q| [27 



3. Derivation of the BCJ kinematic identities 

In reference the massless four-point partial ampUtudes at tree-level were repre- 



sented in terms of its poles as 

A(l,2,3,4) = ^ + ^, A(l,3,4,2) = -^-^, A(l,4,2,3) = -^ + ^, (3.1) 
s t us t u 

and the identity riu = ris — rit was explicitly shown to be true. Furthermore, the five-point 
amplitudes were written as 

Aym(1,2,3,4,5) 

Aym(1,3,2,4,5) 
Aym(1,4,3,2,5) 
Aym(1,3,4,2,5) 
Aym(1,2,4,3,5) 



ni 


+ 


n2 






+ 


77-4 


+ 


7I5 


ai2a45 


01230151 


a34ai2 


a23a45 


a51«34 


ni5 




n2 




rtio 




n4 




7111 


ai3«45 




a23a5i 




01240113 




a23"45 




a51«24 




+ 


ns 


+ 


nr 


+ 


ng 


+ 


n2 


ai4a25 




a23ai4 


a25«34 


0:510:32 


Tig 




ns 


+ 


nio 




728 


+ 


nil 


ai3«25 






a24ai3 




a25a34 


0:510:24 


ni2 


+ 


nil 




n3 


+ 


ni3 




7l5 


ai2a35 


a24a5i 




a34ai2 


0:350:24 




a5ia34 


ni4 




nil 




727 




ni3 




?^2 


ai4a35 




a24a5i 




a23ai4 




Q!35«24 




a5ia23 



AYM(l,4,2,3,5) = ^^i^ ^ (3.2) 

014035 0:240:51 a23ai4 Q!35«24 a5ia23 

and by analogy with the Jacobi-like four-point kinematic relation, the numerators were 
required to satisfy 

n3-n5 + ns = 0, n3-ni+ni2 = 0, 714 - m ni5 = 0, 714 - n2 + = 0, 

"-5 - ""-2 + "-11 = 0, n7-n6+ni4 = 0, ng - ne + ng = 0, nio - ng -|- nis = 0, 

nio - nil + 7113 = 0, ^13 - 7112 + ni4 = 0, (3.3) 

which was explicitly verified to be true. Extending the same reasoning to higher points, 
it was argued that those kind of relations impose additional constraints which reduce the 
number of independent A^-point color-ordered amplitudes to (A^ — 3)!. This conclusion was 
later demonstrated in ||2^ using the field theory limit of string theory. We will now prove 



the identity (|2.6|) and discuss its relationi with the 5-point BCJ identities of |T^ 



I thank Pierre Vanhove for several discussions about this. 
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To prove (|2.6|) it suffices to note that in the computation of 

{V\z,)V''{z,)VHzs)UHz2)U^{zs)), 

a kinematic identity can be obtained by considering the different orders in which the OPE's 
are evaluated. By computing first the OPE's of U'^{z2) followed by U^{z^) one gets, 

-^2131 _|_ -^2134 _ -^2434 _ -^2431 _^ -^2331 _ -^2334 ^ -^2314 
2^21^31 2:21^34 ^24^34 ^24^31 2:23^31 ^23^34 ^fs 

while in reverse order, 

-^3121 , -^3124 -^3424 -^3421 , -^3221 -^3224 , -^3214 r\ 

\ \ 1 o — . (3.5) 

^31^21 ^31^24 ^34^24 ^34^21 ^32^21 ^32^24 ^32 

As the integrated vertex is bosonic, (|3.4| ) and ( |3.5| ) must be equal. Therefore we get 

(-^^2131 — -^^3121) (-^2434 — -^3424) .J / I , ^ s J / I , 

r -t^233ll 1 ) — -t^2334(, \ ) 

Z21Z31 2:24234 ^23^31 ^32^21 ^23^34 ^32^24 

H (-^2134 + -^3421) (-^2431 + -^3124) = 0, (3-6) 

234 ^24 ^24^31 

where we used L3221 = —-^2331 and L2314 = -^^3214- To see this one notes that 

{[[UHz2)U^izs)]V\z^)V\z,)VHz5)]) = {[[UHzs)U\z2)]V\z^)V\z,)VHz5)]) 
implies 

v r -^2331 , -^23141 r -^3221 , -^32141 

lim 1 5 — = lim \ 5 — 

2:2^^3 Z23Z31 Z23 Z3^Z2 ^Z32Z21 Z^2 

and therefore L2331 = —^^3221 and L2314 = ^^3214- That is, the simple and double poles 
of the U'^ {z2)U^ {Z3) OPE are antisymmetric and symmetric under 2 3, respectively. 
Finally, using — 1 — = — - — in (13. 61) leads to 

° 223^31 ^32221 221231 \CL^ 

-^2131 ~ -^3121 + -^2331 = 0, -^2434 — -^3424 + -^2334 = 0, (3-7) 



^2134 — —-1^3421, -1^2431 — — -t^3124- 



(3.^ 



The identities (|3.7|) and (|3.8| ) can be also verified from their explicit pure spinor superspace 



expressions given in the Appendix A. 

After absorbing the contact terms as in ( |2.13|) , the field theory limit of the string partial 
amplitudes A(l,2,3,4, 5) and A(l,3,2,4, 5) are given by (|2.11|) and ( |2.12| ), respectively. 



Note that there is an ambiguity (or freedom) on how to absorb the contact terms, as there 
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is no unique way in doing so. We chose to absorb them while preserving the kinematic 
identitiesS ( |3.7| ). This is in agreement with the discussions of [|T^, where it is emphasized 
that the BCJ identities would not be satisfied by any choice of absorbing contact terms. 
Comparing ( |2.11D and ( |2.12D with {^^) allow us to identify 



rii — L2131, 77-4 — — L2331, ni5 — L3121, — — L3424, n2 — —-^2334, 

nil = -^2434 = —-^24435 ^3 = —-^21345 ^10 = -^3124 = —-^2431- (3-9) 

where L2443 = -^^2434 follows from {[[U^Z2)V^iz^)]U^zs)]) = {[U^zs)[UHz2)V\z4)]). 
Therefore ( |2.14| ) is the supersymmetric generalization of the BCJ relations 

— ni + ni5 = 0, 77,5 — n2 + nn = 0. (3.10) 

Using U'^ and (or and f/^) as integrated vertices whose positions run between 
and 1 would lead to the BCJ identities ni4 + 7113 — ni2 = and — n2 + nn = (or 
ng — uq + ng = and ns — 77-2 + nn = 0). 

How can the remaining (supersymmetric) BCJ relations be obtained? The four-point 
derivation of the BCJ identity provides the hint, as there are no two integrated vertices 
to allow an OPE identity in this casei. Using the results of @ and the gamma function 
identity of r(l + x) = xF^x) one can obtain the open string partial amplitudes from 
{V^{0) J U'^V^{l)V'^{oo)) by explicitly computing the integral over the three domains < 
Z2 < 1, —00 < Z2 < 0, and 1 < ;Z2 < C)0, 



t J r{i + u) 



where 



su u J r(i + 1) 

^(1.3.2.4) H-^ + ^) "'^-f'V"' (3.11) 

u ut I r(i-i-s) 



^ The full string theory computation provides one extra layer of motivation for the redefinitions 
of ( |2.13 ), as they also remove the contact terms from the stringy correction Ap4,{9). 



^ I thank Pierre Vanhove for discussions on this point. In particular I acknowledge the fact 
that he kindly shared some notes where he suggested the relevance of the diff'erent regions of 
integrations for obtaining the remaining BCJ ids. Merci beaucoup, Pierrel 
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and s = -2{k^-k^) = -2{k^-k^), u = -2{k^-k^) = -2{k^-k^), t = -2{k^-k^) = -2{k^-k^). 
Using s+t+w = and taking the field theory hmit one can easily derive the supersymmetric 
generalization of the four-point BCJ relation Uu = ng—nt by comparing ( |3.11| ) with ( |3.1| ). 
That is, Us = -K2i-,nt = K23 and Uu = -K21 - K23. 

Therefore, computing the integrals appearing in the five-point scattering amplitude for 
each of the twelve regions of integration should provide the remaining five-point BCJ iden- 
tities in a supersymmetric fashion. For example, the partial amplitude Aym(1, 4, 2, 3, 5) is 
obtained by integrating (|2.2|) over 1 < ^2 < ^3 < 00, and in this case the kinematic factors 
for the different poles appearing in the last equation of (|3.2| ) will be given by combinations 
of the factors already present in ( |2.11| ), so that new identities will have to arise. In fact, 
using the transformations 1/3 = {zs — l)/zs and 2/2 = (-22 — l)/^2 the integrals 

/OO I'Z'J, 
dZs dZ2Z^''{l-Zsr''z^''il-Z2r'Hzs-Z2r''F{zs,Z2) 

become 



I dys [ ' dy2yr'ii-ysr'yr'i^-y2r'iys-y2r'j^^^^ 

Jo Jo (1-2/3)^1 
which allow them to be written in terms of Kj and Lj of [|T^, provided that 



2/2)2 



ai3 ^34, "34 "35, ai2 — > ^24, "24 ^25, «51 ^14, ^23 «23, "45 — ^ "51 

(3.12) 

The only "new" integral which is not already computed in [jl^ is the one associated to 
-^(^3, Z2) = (1 - 22) "Hi - ^3)"\ namely 

/•I rya 1 

/ dys dy2y^''{l-ysr'^yr'{^-y2r''iy3-y2r'' tz rjz r- (3.13) 

Jo Jo 2/22/3(1 - 2/3) (1 - 2/2) 



However, ( ^.13] ) is easily seen to be equal to K[ + Ks + Ls = Lg. Finally, the amplitude 



( p72|) integrated over 1 < ,22 < -23 < C)0 is given by 

A{1, 4, 2, 3, 5) = L2i3li^i+-^2134-^i— -^2434-^8— -^2431-^3— -^2331-^5+-^2334-^7+-^23(l+«23)-^6 

(3.14) 

where the tildes mean that the substitution (|3.12|) must be performed. Using the explicit 



results of |]T^ for the integrals, the field theory limit of ( p.l4| ) is given by 

, M A r, o er\ (-^2131 + -^2134 — -^2434 — -^243l) -^2434 , (-^2334 — -^233l) 
^YmU, 4, 3, b) = h 



ai4a35 a24Ct51 ai4Ct23 
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(1^2434 + 1^2431) ^ ^2334 ^ M ^ ^35 ^3^ . _ ^3 -^5^ 



Q!24a35 a23a5i \«i4 ai4a23 a23a5i. 

With the redefinitions of ( |2.13| ), the contact terms are completely absorbed and ( |3.15| ) 
becomes Aym{^j 4, 2, 3, 5) = 

_ (-^2131 + -^2134 — -^2434 — -^243l) _ -^2434 _^ (-^2334 — -^233l) _ (-^2434 + -^243l) _|_ -^2334 

ai4a35 a24a5i ai4a23 a24a35 a23a5i 

From exchanging 2 3 in (|3.15| ) and using (|2.13| ) it follows that Ayui^i 4, 3, 2, 5) = 



(-^3121 + -^3124 — -^3424 + -^2134) -^3424 (-^2334 — -^2331 ) (-^3424 — -^2134) L 



2334 



ai4a25 0134^0151 ai4Q;23 a34a25 0193015^ 

(3.16 



Finally, comparing the above with ( |3.2| ) results in the new identifications 

nj — L2331 — i^23345 ^13 = -^2434 + -^24317 ^14 = -^2131 + -^2134 — -^2434 — -^24315 
^6 = -^3121 + -^3124 — -^3424 + -^2134, = —-^3424 + -^2134 

and therefore the following BCJ identities are obtained 

ne = ni5 + nio + ns - 723, ns = -n3 + 

7i7 = -n4 + n2, ni3 = nil - nio, 7114 = ^1-713-^11+7110. (3.17) 
Solving ( |3.17| ) and ( p.lO|) in terms of 711, . . ., tiq gives 

n7 = 7l2-7l4, 7l8 = -713 + 715, 71io = -rii + 713 + 7I4 - 7I5 + ng, ?lii = 712 - Jls, 
113 = 71i + 7l2 - 7I3 - 714 - 16, 114 = -12 + I4 + 16, "-14 = 711-714 

and together with Tig — 7i6 +719 =0 and 7114 + 7113 — 7ii2 = 0, which follow as OPE identities 
using U'^ and t/^ or and t/^ as integrated vertices, we get the same solution as (4.12) 
of [^. Therefore the BCJ identities of |T^] were obtained from first principles. And by 



using the pure spinor formalism and its pure spinor superspace, we have shown that the 
BCJ relations are in fact supersymmetric. 

Acknowledgements: I deeply thank Pierre Vanhove for reading an early draft and 
for suggesting the connection between the identities ( p.6|) and the BCJ relations, and also 
for several discussions. I thank the organizers of the workshop Hidden Structures in Field 
Theory Amplitudes 2009, where I presented parts of this work. I also thank John Carrasco 
and Henrik Johansson for conversations during the workshop and Stefan Theisen and 
Nathan Berkovits for reading the draft. I acknowledge support by the Deutsch-Israelische 
Projektkooperation (DIP H52). 
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Appendix A. Computation of the kinematic factors 

In this section we compute the OPE's appearing in the amplitude ( |2.1J ) to obtain the 
explicit expression for the kinematic factors Lijki in pure spinor superspace. 
Using the OPE's 



z — w z — w z — w 



z — w ' {z — wY ' " — w) 

A/3 A/3 1 ('A'v"^"' 



and the equations of motion 

= 2A;[^(7,]M/)«, I^^VT^ = -^{^--^) J J^^^, (A.l) 
a long computation leads to the OPE between two integrated vertices, 

[z — w)\- 

-dO'^D^AlW^ - Wkl^AlyV^ + dd'^D^A^W^ + n^^fc^A^V^s" 

+— (1 + (A;2 . [(A^Vf^^) + {A^'W'') - {A^ ■ ^3)1 . (A.2) 

\Z — WY ^ ^ L -I 

where we dropped the total derivative terms with respect to z^ which appear when Taylor 
expanding the superfields in the double pole. The super- Yang-Mills equations of motion 
( |A.1|) have been used judiciously to arrive at the simple answer (|A.2|) . For example, the 
terms which contribute to the double pole are given by, 

-Al\dd-{z)d^{w)\wl - W^\d^{z)dd\w)\A% + \^^{zW{w)\Al,Al 

^\df,{w)Al,{z)W-{z)wl{w)\-\^^ 
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4 

Using the OPE's one obtains (omitting {z — w)~'^ 



{A'W') + (A'W') - (A' . A') + kUDpAi,)W,^ + kliD^At^)W^ 



-{k' . A'){k' . A^) + -tr(7"^-7^'^)-F^„^p\ + 77•^™•^3"^^ (A-3) 



1 

where the last term comes from the level —3 double pole of the pure spinor Lorentz currents. 
One can now use DaAm = (7mW^)a + kmAa and the fact that /cm(7"^W^)a = to simplify 
O to, 



(1 + ■ e)) [{A^W"^) + {A'^W^)] - {A^ ■ yl^) - (/c3 . A^){e ■ - ^J-^^^a"^" 

= (1 + . e)) [{A^W'') + {A'^W^) - {A^ ■ A^)] (A.4) 

where we used tr(7"^'"7pg) = -325™ and -^F^-F^) = -{P-k^){A^-A^)+{P-A^){k'^-A^). 

Using the same kind of manipulations as one can also prove the following OPE 
identity as Z2 — ^ zi 

{{\A^){z^)U\z2)M) = - — {[AliX^^W^) + {XA'){k' ■ A^)]{zi)M + {A'W^){zi)QM) 

(A.5) 

where M.{x, 6) is any superfield. Furthermore, if QM. = then the following holds true 
= +(^(A7^7™Vr3)4j-^^A< + hl{A^^^^W'){X^^W')M) -(2^3) (A.6) 

Also, 

-{{XA')ikl + kl){W'jr.W')N^-M) = -^_L_((A7-Mi)(fc^ + fc^)(T^VW^')M) 

(A.7) 



and 



{{XA'){zr){k' ■ A')U\zs)) = ^^{{AUXi-^W) + iXA')ik' ■ A^)){e ■ A')) 

Z3 — Zi 

— {{A^W''){{k^ ■ A;3)(AA3) + kl^iX-f'^W^))). (A.8) 

Z3 — Zi 
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One can also show by using gamma matrix identities, the pure spinor constraint and the 
SYM equations of motion ( [A.l|) that 

+{A^W^)kl^{\-^'^W^) - {A^W^)kl^{\-^'^W^) = 0. (A.9) 
From ( [A.6| ), ( |A.7| ), ( |A.8| ), (|A.9| ) and the expression for the double pole (|A.4| ) we finally get 



+ 



^23^31 



{{XA'){XA^){XA')[U^U']{zs)} = 

+{iAl{X^'^W^) + {XA^){k^ ■ A^)){k^ ■ A^){XA^){XA^)) 
-{(AliXj'^W^) + {XA^){k^ ■ A^)){k^ ■ A^){XA^){XA'')) 
+ {[kl{XA^){W^'y"'W'^) + {k^ ■ k^){A^W^) - {k^ ■ k^){A^W^)] {XA^){XA^)) 
+^{{XA^){XA^){XA^) [{A^W"^) + (A'^W^) - {A^ ■ A^)] (1 + (A;^ • A;^))) -(1^4) 

^23 

from which the following expressions can be read for L2331 and -L2314, 

i^233i = AlJ-l^{Xrw')iXA'')iXA') - ^iX^^W')iW'^^W'){XA'){XA') 

+ [Al^{X'y"'W^) + {XA^){k^ ■ A^)] ■ A^){XA%XA^)) 
+{k''-k'^){A^W''){XA^){XA%XA^)) + {k^-e){A^W''){XA^){XA''){XA^))-{2 ^ 3) (A.IO) 
and 

L2314 = (1 + (A;' • k')){{XA^){XA%XA'') [{A^W'') + {A^'W'') - {A^ ■ A'')]) 
where we used that 

[\{XYl'^''W^)AlTl^ - \{XY^^-W^)AlTl^ + kl{XA'){W^^^W^)]{XA%XA^)) 

= aI:fI^{x^-w'){xa'){xa^) - \{x^^w'){w^^^w'){xa'){xa') - (2 ^ 3), (a.ii) 

which can be checked by writing /c^(AA^) = QA]^ — {X'-y^W^) in the last term of the LHS 
and integrating the BRST charge by parts. 
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The expression for L2131 can be deduced from the OPE as Z2 — ^ z\ foUowed by ^3 z\. 
Using (|A.5p we obtain the singularity as Z2 z\ 



Z21 

-J_i^^A^W^){z,)d{\A^){z^){\A%\A'>)) 
Z21 

whose OPE computation for z^ zi imphes, after some manipulations in superspace, that 

L2131 = [AliXj^W') + {XA'){k' ■ A')] (AA4)(AA5)((fci + k') ■ A') 

-{W^'y"'W^){X'y^W^){XA^){XA^) + {A^ ■ A'')kl^{X'y'^W^){XA^){XA^) 
+Al^{X'y'^W^){k^ ■ A^){XA^){XA^) - Al^{X'y'^W^){k^ ■ A^){XA^){XA^) 
+{k^ ■ k''){A^W'^){XA^){XA^){XA^) - {k^ ■ k^){A^W^){XA^){XA^){XA^) 
+{k^ ■ k^){A^W^){XA^){XA^){XA^) + {e ■ e){A^W''){XA'^){XA''){XA^), 



(A.12) 



while L2434 and L3121 are obtained by exchanging 1^4 and 2^3, respectively. 
The kinematic factor L2134 is given by the coefficient of the OPE 

{{XA^){z^){XA\z^){XA'>){z,)U\z2)U\z:,)) 



as Z2 zi followed by z^ ^ Z4. Using (|A.5| ) the first limit becomes 



- — {[AliXj^W) + {XA'){k' ■ A')]iz^){XA')iz,)iXA')iz,)U'izs)) 
Z21 



1 

Z21 



{{A'W'){zi){XA^){z4)iXA'){z,)d{XA'){zs)). 



and using ([A .51 ) again to evaluate as Z3 z^ we obtain 



+ 



+ 



2^21^34 
1 



— {[AliXj-^W) + {XA')ik' ■ A')] [AtiXj^W) + {XA')ik' ■ A')] (XA')) 



Z21Z34 



{k^ ■ k'){{A^W^){XA^){XA^){XA^)) + {k^ ■ k^){iA^W''){XA^)iXA^)iXA^)) 

(A. 13) 

where we used QU^ = d{XA^) = {dX'^)Al + W^k^^iXA^) + de'^D^{XA^) and that 
Q[A;„(A7"^Vr2) + {XA^){k^ ■ A^)] = -{k^ ■ k'^){XA^){XA^). From ( ^TTBQ we get the ex- 



pression for L2134, 

^2134 = (K(A7"^M^') + {\A'){k' . A^)] [Al{X^^W^) + {XA''){k' ■ A')] {XA^)) 
+{k^ ■ k''){{A^W^){XA^){XA^){XA^)) + {k^ ■ k^){{A^W^){XA^){XA''){XA^)) 
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A.l. Explicit proof 0/L2331 = ^3121 - ^2131 

From the expressions ( |A.10|) and (|A.12| ) (L3121 is obtained from L2131 by exchanging 
(2^3)) one can immediately check the foUowing pure spinor superspace identity 



^2331 — -1^3121 — -1^2131 



-L2131. (A.14) 



To see this first note that aU terms containing (/c* ■ k^) trivially match on both sides of 
( |04D . Using that {X'y'^W'^){W^'y^W^) + {X'y'^W^){W^'ymW^) = {X'y'^W^){W^'ymW^) 



we get, after some trivial cancellations, 

i^3121 - i^2131 - i^2331 = -( AA^ ) ( AA^) (AA^) ( fc^ ■ A^){k^ ■ A^) 

+ [Al{X^-^W'){k' -A') -{A'. A')kl{X^-W') - Al{Xrw')J^l^] (XA^) {XA') -(2^3) 
which after using J-'^j^ = k'^A^ — k^A"^ is equal to zero, as we wanted to show. 

Appendix B. A different pure spinor superspace expression for Af4 



A different superfield expression for ( |2.9| ) may be suggested using the following ar- 
gument. The one-loop amplitude of five massless states must factorize correctly in the 
massless poles, which appear when the surface degenerates into a one-loop four-point am- 
plitude connected to a three-point at tree-level. This same factorization of the five-point 
one-loop amplitude probes the non-linear expansion (with five fields) of the one-loop inter- 
action F^. But the kinematic factors of four-point amplitudes at one- loop and tree- level 
are proportional, therefore the result of this factorization should also be captured by the 
tree- level massless five-point amplitude at the correct a' order. This is given by the Ap4 
superfield above. As discussed in the factorization in the (12)-channel ((23)-channel) 



is given by Li2/ai2 (-ft^23/«23), where 

L12 = -iOlAliXYW) + (AAi)(A;i • A2)](A7'"M^^)(A7"M^3)J-4, 

+20{k^ ■ k^)iA^^^r.W^){XA^){Xj^W^)iXrW^) 
K^s = -40[{Xj^W'){e ■ A') - ^{Xj^Y''W'):F^,]{Xrw'){XA^)J^^^ 
+20{k^ ■ k^){A^-f^^W'){XA^)iX-f'^W^){X-f''W^) -(2^3) 
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Therefore it could be argued that Ap4 should be proportional to the linear combination 
Li2/c(i2 + -f^23/«23 + -^34/«34 + -?^45/«45 + -^5i/tt5i- One Can check that the bosonic 
components satisfy 

AMO) = -i(^ + ^ + ^ + ^ + ^]. (B.l) 

40 V«12 "23 "34 "45 "51/ 



Appendix C. The MHV amplitude 

It is interesting to (formally) rewrite our component expansions in the language of 

four-dimensional helicity formalism. If the heli cities of the gluons are ( h + +) we use 

the following conventions, 

/ _ ./g V^gXi - V2^^ J - 3 4 5 

e,^-V2_,_^^, 7-1,2, e^^- V2^^^^^^, J -3,4, 5 

where {tpx) = ''P'^Xa = ^""^i^pXa and [-i/'x] = V'dX" — ^d/jV'/jX" are the spinor products 
and {ij) [ij] = —2aij. For the specific choice of reference momenta (2, 1, 1, 1, 1) they imply 

(e^ ■ e^) = (e^ ■ e^) = (e^ ■ e^) = (e^ ■ e*) = (e^ ■ e^) = (e^ ■ e^) = 

■ e^) = {k^ ■ e^) = {k^ ■ e^) = {k^ ■ e^) = {k^ ■ e^) = 



and one can check that L12 = L51 = L2131 = -^^2134 = i^23i4 = 0. With this gauge 
choice the superfields (|2.8|) and (p^) become 



where 



A rn\ -^3424 -t^2334 -t^2331 
^YMlc^J = 

"34"51 "23"51 "23"45 



40 ^23 "34 "45 



V2(12)V[23]2[45] [25]2[34] [23] [24] [45] ^ 

1-^^2331, -^^3424, -t^2334j - 



23040^12 V (14) (15) ' (13) (14) ' (13) (14) J 

, v/2 (12)^[23][45]^ V2 ,,,,4r , "25 , 

^''-^576 03^ --7^"23"45(12) [^(i2345) + iV(12543)J 

_ V2 (12)"[25]^[34] _ V2 , as, a,, . 

576 (13) (14) 72 ^^ ^^^ ^ ^^(12534) Ar(12543)J 
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, v/2 (12)'[23]^[45] _ 72 /io\4r «34 «35 i 

^^'-+576 (14) (15) - -7^«23«45 (12) L]v(12345)~iV(12354)J' 

where N(ijklm) = {ij) {jk) {kl) {Im) {mi). Using the results above it is straightforward to 
obtain, in the NS sector, 



A - ^A - ^ ^^2^ 

Aym — AImhv 



4 



2880 (12) (23) (34) (45) (51)' 

which agrees with the weU-known MHV amphtude up to an overaU coefficient. The super- 
field expression for ApA becomes 

r A^(12345) Ar(12345). 

Api = AImhv [a45a5i + a23a34 + '^25a35-^;^^Y2534) ~ "^^"^^ iV(12354) ^ ' 

which can be rewritten as 

Af^ = Mmhv [a45«5i + «23«34 " [12] (23) [35] (51) ] , (C.l) 



agreeing with (5.45) of [^ and (37) of [^, apart from the overall coefficient. 



Appendix D. The integrals Kj 

In IITTII [ITsII the foUowine; identities were derived^ 



a34i^2 = aisKi + 023-^^4, a24i^3 = ai2Ki - 023-^^5, Kl = K4- K5 

"12-^2 = "24 + "23-^4: "13-^3 = a34-^i " "23-^5, K[ = K'^ - K'^ 

(1 + a23)i^6 = tt34i^4 - «13-^5 = ai2i^4 - tt24i^5' (D-1) 

and their explicit expansions in terms of aij were computed at length. However, as men- 



tioned in [|T8[, by defining 

T = ai2Q!34-f^2 + (ai2a5i - ai2a34 + a34a45)-ft^3, (D-2) 



^ We use a different convention where dm = km instead of dm = ikm- Therefore one must 



replace aij —ctij in the identities of [17|. The only place where it matters is the identity 
involving Kq. 
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all integrals Kj and K'- can be written in terms of T and K^. For example, from ( p.l| ) 
one can check that (and similarly for K'^) 

"45 «45 

ai2as4K2 + a23a34-ft'2 - ai3a24-^3 ai2a34-ft'2 - ai3a24-^3 - a23«24-ft'3 
A4 = , ii5 = 

a23a45 a23a45 



i^i = ^--f^ + ^~)i^3 (D.3) 



which imply 

Ki = 

01120145 \0112 0145 
i^4=f— + — )— -f^ + ^-^U3 (D.4) 

V«23 ai2 / 045 V'^23 "12 045/ 

K, = ^—-(^ + ^-i)k, (D.5) 

a23a45 VQ^45 "23 / 

(q;23 + l)-ft^6 = (1 - — ^ - — ^) ^- (cKi3a;24 - 0112012,^ - a:23Q;34 - ^120:23) — - (D-6) 

"51 «45 ^23 ^23 

where we used [ p!8| , 

ai3 = 0^45 - «12 - a23, "14 = ^23 " ^Sl " ^45, ^24 = ^Sl " ^23 " ^34 

^25 = ^34 - ai2 - asi, ^35 = ai2 - Q!45 - «34- (D.7) 



It was shown in []T^ that under the twist ai2 ^ CK34, ctis ^ 024, a23 ^-^^ 0^23 the integrals 
behave as 

(T, Ki, K2, i^3, i^4, i^5, i^e) (T, K2, i^3, i^:, i^5, ^6) 

which allows one to easily obtain K[, K'^ and K'^ from (|D.3|) , ( p.4|) and (|D.5|) . 
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